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ISOTOPY GROUPS
LAWRENCE L. LARMORE'

ABSTRACT. For any mapping f: V' — M (not necessarily an embedding),
where ¥V and M are differentiable manifolds without boundary of
dimensions &k and n, respectively, ¥V compact, let [V C M]; =
m (MY, E, f), ie, the set of isotopy classes of embeddings with a specific
homotopy to f (E = space of embeddings). The purpose of this paper is to
enumerate [V C M],. For example, if k > 3, n =2k, and M is simply
connected, [S¥ C M), corresponds to 7,M or m,M ® Z,, depending on
whether & is odd or even. In the metastable range, ie., 3(k + 1) >2n, a
natural Abelian affine structure on [V C M]; is defined: if, further, f is an
embedding [V C M]; is then an Abelian group. The set of isotopy classes of
embeddings homotopic to f is the set of crbits of the obvious left action of
m(MY,f)on [V C M],.

A spectral sequence is constructed converging to a theory H*(f). If
3k+1)<2n, HY(NH=[V C M), provided the latter is nonempty. A
single obstruction I'(f) € H(f) is also defined, which must be zero if f is
homotopic to an embedding; this condition is also sufficient if 3(k + 1) <
2n. The E, terms are cohomology groups of the reduced deleted product of
¥V with coefficients in sheaves which are not even locally trivial. [S* ¢ M Iy
is specifically computed in terms of generators and relations if n = 2k,
k > 3 (Theorem 6.0.2).

1. Introduction. In this paper, in some respects a sequel to [7], we attack the
general problem of classifying, up to isotopy, embeddings of a compact
k-manifold ¥V in an n-manifold M in the metastable range, i.e., where
3(k+ 1)< 2n.

Differentiable shall mean infinitely differentiable, manifold shall mean
differentiable manifold without boundary (either compact or open), with a
countable base; embedding shall mean differentiable embedding, and isotopy
shall mean homotopy of embeddings.

Let [V c M] denote the set of isotopy classes of embeddings of V in M.
Computation of [V C M] is the ultimate goal. Unfortunately, [ c M] has
no convenient algebraic structure. Thus we introduce a new object, [V C
M];, where f: V — M is a specific map. A homotopy f;: V—>M,0< t < 1,is
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called an embedding-homotopy (or e-homotopy) of f if f, = f and f, is an
embedding. If f,,: V- M, for 0< ¢, u < 1 is a two-parameter homotopy
such that, for all u, f,o=f and f,, is an embedding, we say that the
e-homotopies { f,,} and {f,,} are isotopic. [" C M]; is then defined to be
the set of isotopy classes of e-homotopies of f. If { f;} is an e-homotopy of f,
let[f] € [V C M], beits isotopy class. It shall be shown that [V’ C M];is an
Abelian affine group in the metastable range, and an actual Abelian group if f
is an embedding.

If 2k — n < 0, the group [S* C M"), is, in this paper, expressed in terms
of generators and relations, involving only m,M if n = 2k + 1, and involving
both #,M and m,M if n = 2k. Forn > 2k + 1,[V* C M"],=0.

Generally (although not shown in this paper) the affine structure of
[(Vkc M "], in the metastable range depends only on the homotopy of M
through dimension 2k — n + 2, as well as on V.

The case n = 2k + 1 was done in [7], but the result was incorrectly stated.
See Theorem 6.0.1 for the correct version. (Another error in [7], an invalid
proof of Theorems 3.3.1 and 3.3.2, is corrected here in §8. The error was
pointed out by the referee of this paper.) The case n = 2k is computed for the
first time in this paper, and involves evaluation of one nonzero differential
and one nontrivial extension in a spectral sequence whose E, terms are
cohomology groups of the reduced deleted product of S with coefficients in
sheaves which do not, in general, have a local product structure. See Theorem
6.0.2 for the general result. Some specific cases are as follows (where f is any
embedding):

THEOREM 1.0.1. If M = M?* is simply connected, k > 3, then:

k - M ® Z, ifkis even,
[$* c M), = {'ﬁzM if k is odd.

THeoreM 1.0.2. If k > 3:

Z,+ Z, if k is even,

k 2 2%k-27 ~
[S*c P*XR ]f'{z.;-z-|-z2 if k is odd.

THeoRreM 1.0.3. If k > 3:

0 if k =0mod 4,

z if k=1mod4

k %] ~ 174 ’
[$*cP¥]y =1, if k =2mod 4,

Z,+2Z, ifk=3 mod4.
Let 7 = 7 (M", f). We may define a left action:
pa X[V cM]>[VcM],
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as follows: if { £} is an e-homotopy of f and if {f} is a self-homotopy of f
representing a € «, then u(a, [f]) = [f] where £’ = f,, or f;,_,, depending
on the value of ¢. The action p respects the affine structure of [V C M],, i.e.,
for each a € =, pu(a, ) is an affine automorphism (cf. Theorem 2.7.1).

Now let ¢: [V € M];— [V C M] be the forgetful function, i.e., if {f} is
an e-homotopy of f, ¢[ f]] = [ f;], the isotopy class containing f,. Trivially, the
reader can convince himself of the following:

(i) Every element of [V C M] lies in the image of ¢ for some choice of f.

(i) If x,y €[V c M], then ¢x = ¢y if and only if u(a, x) = y for some
aeEm

Classification, up to isotopy, of embeddings of ¥ in M in the stable range
may thus be reduced to the following two problems:

I. Compute the affine structure of [V C M], for each f: V - M.

IL. Determine the action y of m(M", f) on [V C M],.

It is to the first of these problems that this paper is addressed.

In §2, we use Haefliger’s results [4] to define the affine structure on
[V c M],. An alternative, equivalent definition of the affine structure is
given in §4; this definition is much more geometric and easier to comprehend,
but it is the Haefliger definition that yields to computation, by homotopy
methods. In §3, a spectral sequence is defined, in §5, the sheaves we need are
computed, and in §6 the spectral sequence is fully worked in the special cases.

Using somewhat different methods, Dax [2] and Salomonsen [12] have
obtained results on the same and similar problems.

2. The affine structure of [V C M];.

2.1. Pair fibrations and weak pair fibrations. Following [11], we say that a
map p: (E, Eg) = (X, Xy) is a pair fibration if for any given map h: (Y, Yy) »
(E, Eg) and every homotopy f: (Y, Y) > (X, X,), 0 < ¢t < 1, such that
Jo = ph, there exists a homotopy h,: (Y, Yy) - (E, Ey) such that hy = h and
ph, = f,forall z.

A section of a pair fibration is a map g: (X, Xy) = (E, E,) such that pg = 1
(the identity). A lifting of f: (Y, Yg) = (X, Xo) to p is a map h: (Y, Yy —
(E, Ey) such that ph = f. Sections and liftings are said to be homotopic if they
are homotopic as sections or liftings (i.e., fiber homotopic).

All the theorems in §§2 and 3 which deal with sections of pair fibrations
are equivalent to corresponding theorems which deal with liftings, since a
lifting of f to p corresponds to a section of f~'p (where f~! is the usual
pullback construction).

If (X, X,) is a topological pair, we say that (4, A,) is a sub-pair of (X, X,) if
A C X and 4y = 4 N X, Then ((X, X,), (4, Ay)) is a pair of pairs. If X is a
C.W. complex, and X, and 4 are subcomplexes, it is a C.W. pair of pairs.

For the following definitions, let (as needed) f: ((Y, Yy), (B, By) —
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(X, Xo), (4, Ap)) be a map of pairs of pairs, let z: (4, Ay) > (E, Ey) be a
partial section of p, let w: (B, By) — (E, E,) be a partial lifting of f to p.

DEerINITION 2.1.1. Let [(X, X,); p] be the set of homotopy classes of sections
of p.

DEFINITION 2.1.2. Let [(Y, Y); p], be the set of homotopy classes of liftings
of ftop.

DerINITION 2.1.3. Let [(X, X,), (4, Ay); pI' be the set of rel(4, Ay
homotopy classes of sections of p which extend z. If p has a standard section,
say s: (X, Xy)— (E, E;), then we shall always presume (unless otherwise
stated) that z = s|(4, 4,) and suppress z in the notation.

DEerINITION 2.14. Let [(Y, Y), (B, By); p]; be the set of rel(B, By)
homotopy classes of liftings of f to p which extend w. If p has a standard
section, s, presume that w = sf|(B, B,) and suppress w in the notation.

The following lemma will be important later.

LemMA 2.1.5. If (X, Xo), (4, Ay)) is a C.W. pair of pairs, p is a pair fibration
over (X, X,), {2,} is a homotopy of partial sections of p over (A, Ay), there is a
one-to-one correspondence [(X, Xy), (A, Ap); pY° = [(X, Xy), (A4, Ay); pF' such
that, whenever { g,} is a homotopy of sections of p which extends {z,}, [ 8o] (the
homotopy class containing g,) corresponds to | g,].

ProoF. By induction on the skeleta of X. We omit the details.

2.2. Fiberwise suspensions. Choose standard spheres and balls S¥~! ¢ BY
for all N > 0 (where S ~! is empty) such that S+ S¥~! = §¥ and §° » BY
= BN*! (where * = join). Let each sphere have a South pole and a North
pole, preserved under inclusion S¥ c S¥*!. The South pole will be
considered to be the base point of each sphere.

If p: E - X is a fibration, let S™p: SYE — X, where SYE = SV * E, the
fiberwise join of p: E — X with the trivial fibration X X SV — X. We give
S" x_E the strong topology, thus insuring that S”p is a fibration [5]. Note
that S% = p, and that for N > 1, S™ has two standard sections, the South
polar and the North polar, denoted s, and s,. If only one section is needed, s
shall be used. Note also that Sp = S'p is the fiberwise two point suspension
of p.

Now, for any N > 0, let P¥S™: P)S}) — X be defined as follows. For
each x € X, let (PVS™p)~'{x} be the set of all maps o: BY —(S")~'{x}
such that o|S™ ! is simply the identity (recall that each fiber of S contains
a copy of S¥~1). Let P)S)E then have the topology of a subspace of
(SYE)B" with the compact-open topology. We can define a fiber-preserving
inclusion PYS)E c PY*'SY+'E by identifying each ¢ € PYSYE with
S%x 0.

Now if M >0, N > 1, let Q"S™: Q¥SYE — X be given by
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(QMS™p)~1{x} = QM (5™p)~!{x}, the M-fold loop space, which we take to be
the set of maps (BM, SM~1) - ((S*p)~{x}, spx), for any x € X. We use the
compact open topology for Q¥S;E, and again there is an inclusion QYSYE
C Qf\‘! +1 S I(,v +1 E. )

The above constructions generalize naturally to pair fibrations. If
P: (E, Ep) > (X, X is a pair fibration, we define:

S"p: (S{E, S{Ey) = (X, X,),
P"S™p: (PYSYE, PYSYE,) - (X, X,),
QMSNp: (QUSYE, QUSIEy) - (X, Xo).

2.3. Groups and affine groups of sections and liftings. Henceforth “in this
section, let ((X, Xy), (4, 4p)) be a C.W. pair of pairs, and p: (E, Ep) —»
(X, X,) a pair fibration.

THEOREM 23.1. If N > 1, M > 1, then [(X, X,), (4, Ay); QYS™] is a
group. Furthermore, it is Abelian if M > 2.

We omit the proof of 2.3.1: simply follow, fiberwise, the usual proof that
[X, A; QY] is a group, Abelian if M > 2, if Y is any pointed space.

The affine structure. Let N > 1, and fix a partial section of PVS™p over
(A, Ay). We proceed to define a  ternary operation, 7, on
[(X’ XO)’ (A’ AO); PNSNp]z'

Let U and L be the upper and lower hemispheres, respectively,of d BY. Let
BY, B, and B be copies of B", with upper and lower hemispheres
U,, L,, U,, etc. Now choose a homeomorphism ¢: BY - W = (BY u By u
B)/~, where “~” identifies U, with U, and L, with L,, and ¢: L =
L,, ¢: U = U,. (Note that ¢ has degree 1 in homology onto B}¥ and B}, and
—1 onto B}'.) Now every section of P¥S™ may be thought of as a map
X X BY - S)E satisfying the appropriate conditions. If 81, 85 and g, are
sections of PNS™p, we define a new section of P¥Sp called g, A g57' A g5
by commutativity of the following diagram for eachi = 1, 2, 3:

X x BV BNENE L onp
Vixxe 18
XXW D>XxBV= XxxBV

Now if g is any section, g A g~' A g is canonically homotopic to g itself.
(To see this, let x: W— BY be the “triple folding” map obtained by
identifying each B/ with BY. Now choose a rel SV~ homotopy of x © ¢: BY
— BY with the identity; this gives a homotopy of g with g Ag ' Ag=1 X
X (x ° ¢). This homotopy is functorial with respect to maps of pair
fibrations.) Thus, since z A z~! A z is homotopic to z, we obtain, by Lemma
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2.1.5, a one-to-one correspondence
Az Az z
& [(X, Xo), (4, 4o); PPS™p ™™ N =[(X, Xo), (4, Ao); PYS™p]".
Now define (g}, [£,], [&:]) = [2i[&.] (&l = g A g ' A gl

THEOREM 2.3.2. (I) Under 1, [(X, X,), (4, Ay); PYS™p is an affine group. If
N > 2, itis an Abelian affine group. (1) If [(X, X,), (4, Ap); PNS™pF is
nonempty, its left action group is [(X, X,), (4, A); QVS*p].

PrOOF. It is a routine exercise to show that 7 is associative and satisfies
cancellation, and thus is an affine structure. To obtain (II), consider the map
7: BN 5 Y = (BY U BY)/~= S" where “~” identifies S¥~' with S},
and 7 maps all of S¥~! onto the common South pole, and is of degree 1 onto
BY, degree —1 onto BY. Then let [g,][g.]~" =[g; A g5 '], where, for i =1
or 2, the following diagram commutes:

A -1
xxgv 3 SNE

Vx X9 *
XXY DODXXxBV¥= XxBV

Clearly g, A g5 ' is a section of 2¥S™p, and verification of the remaining
details is routine. (Hint: z A z~' is canonically homotopic to a trivial
section.)

The commutativity of 7 in the case N > 2 now follows from 2.3.1, and we
are done with the proof of 2.3.2.

In certain cases which turn out to be important later there is a geometric
definition of the affine structure. Suppose that U, and U, are open subsets of
X such that U, U U, = X, and suppose that z is a partial section of P¥S"p
over (A4, Ay).

ProposiTION 2.3.3. If g, and g, are sections of Q4S™p, for M > 1, N > 1,
such that g, and are both trivial on (A, Ay), and such that g,|U, is trivial and
8| U, is trivial, let g5 be the section which agrees with g, on U,, with g, on U,,
and is trivial elsewhere. Then [ g,][ 8,] = [ &)

PrOOF. It is clear that g; is homotopic to g; A 8, on X — U, and also on
X — U,; they are both trivial on U; N U,. Homotopies on the two closed sets
may easily be chosen, and do not interfere.

PROPOSITION 2.3.4. If g,, 85, and g, are sections of PXS™p, for N > 1, such
that all agree with z on (A, Ag), and such that g, agrees with g, outside of U,,
and g, agrees with g, outside of Us, let g, be the section where, for all x € X,
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hl(x) l:fx £ UZ’
hy(x) =1 h(x) fx €U N U,
hy(x) ifx & U,

Then [h\)[hy)™'[hs] = [hy)

ProoF. Note that k; A h; ! A\ hy and h, are homotopic, albeit via different
standard homotopies, on each of the two sets U, and U,. By choosing a
Urysohn function X — I which is 0 on the complement of U, and 1 on the
complement of U,, these homotopies can be made to blend smoothly into one
another over U; N U,, since on that region h,, h,, h;, and h, all agree.

2.4. Equivalence of classes of sections. Let (X, X,), (4, Ay)) be a C.W. pair
of pairs, and let p: (E, E)) - (X, Xy) and p": (E', Ej) > (X, X,) be pair
fibrations. Let v: (E, Ey) = (E’, Eg) be a fiber map, and z: (4, 4y) = (E, Ey)
a partial section of p. Finally, define z’ = y -z, a partial section of p’ over
(A4, Ay). We have an obvious function, induced by composition with y:

Yer [(X Xo), (4, 40 P]-[(X, Xo), (4, 40): p']"
Under certain conditions on the homotopy of the fibers, y,. is one-to-one
or onto.
Let E, = p~!{x}, for any x € X, and let (E;), = E, N E,. Similarly, let
E; = (p))"'{x} and (E;), = E; N E;,

THEOREM 2.4.1. Suppose that X / A is finite dimensional. Let n = dim(X /(X,,
U A)), and ny = dim(X,/A,). (I) Suppose that, for all x € (X — (Xo U A)),
Yo' m(E,) > 7 (E;) is one-to-one and onto for all 0 < k < n and onto for
k = n; and that, for all x € (Xo — Ag)s Ya: T (Ep), = 7 (Eq), is one-to-one
and onto for all 0 < k < ny, and onto for k = ny. Then vy, is onto. (I1) Suppose
that, for all x € (X — (Xo U A)), Y4: m(E,)— m(E)) is one-to-one and onto
Jor all 0 < k < nand onto for k = n + 1; and that vy,: m,(Ep), — 7, (E{), is
one-to-one and onto for all 0 < k < ny and onto for k = ny+ 1 for all
x € (Xo — Ay). Then vy is one-to-one.

Proor. This theorem is simply a pair-fibration version of a well-known
result in fibrations. (See, for example, Lemma 2.2 of [8].) The proof is
unaltered by the pair nature, since it is done inductively one cell at a time.

DEFINITION 2.4.2. We say that p is n-connected if, for all k < n, ‘Tfk(E)x =0
forall x € X and 7, (Ey), = 0 for all x € X,

COROLLARY 2.4.3. If p is n-connected and dim(X/A) < 2n, then [(X, X,),
(4, Ay); pY is an Abelian affine group.

PRrOOF. The inclusion i: p ¢ P¥S™p induces isomorphism on the homotopy
of the fibers up through dimension 2, and epimorphism in dimension 2n + 1
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(since each fiber of P¥S™p is of the same homotopy type as the N-fold loop
space of the N-fold suspension of the corresponding fiber of p). Thus, by
24.1, [(X, Xo), (4, Ap); pY = [(X, Xy), (4, Ap); PVS™]* for all N. Apply
2.3.2, and we are done.

We remark that the Abelian affine structure on [(X, Xj), (4, 4y); p), under
the hypotheses of 2.4.3, can be alternatively defined in manner described in
2.3.4. Verification is trivial.

2.5. The obstruction theory. Let (X, X,), (4, Ap)) be a C.W. pair of pairs,
D: (E, Ey) > (X, X,) a pair fibration, and z a partial section of p over (4, 4,).

DEFINITION 2.5.1. For any integer i, let

H' (X, X,), (4, 40); p) = lim [(X, Xp), (4, 4o); @*~'S"p],

the direct limit. Write H'((X, X,); p) if A is empty.

We remark in passing that H*( ; p) is a cohomology theory in a certain
sense; and satisfies a version of the Eilenberg-Steenrod axioms. In particular,
if f: ((Y, Yy), (B, By)) = (X, Xy), (4, Ap)) is a map of C.W. pairs of pairs,
there is an induced homomorphism

S H (X, Xo), (4, Ao); p) > H' (Y, Y,), (B, By ); f '),

and if g: (F, Fp) = (X, X,) is another pair fibration and y: (E, Eg) — (F, Fp)
a fiber preserving map, there is an induced homomorphism
Ya: H'((X, X,), (4, Ag); ) = H' (X, Xo), (4, Ag); 9)-

ReMARK 2.5.2. If p is n-connected and dim(X/A4) < 2n, then [(X, X)),
(4, Ay); pF (an Abelian affine group, by 2.4.3), if nonempty, has Ho((X, X,
(A, Ay); p) as its action group.

Thus, classification of sections of a pair fibration, under suitable dimen-
sional restrictions, reduces to algebraic computation of a cohomology group.
In the next section, we shall show how H*((X, X,), (4, Ay); p) can be
attacked by a familiar spectral sequence technique.

The single obstruction. We now consider the question of whether z can be
extended to a section of p. Recall that Sp has two sections, s, and s,, the
South and North polar sections. Now Sy E may be obtained from E X I by
collapsing the ends in the appropriate manner (although with the strong, not
the quotient topology). Let u,x = [2x, t] € S, E for all x € 4. By 2.1.5, {u}
gives a one-to-one correspondence:

o: [(X, Xo), (4, 4o); Sp]™' =[(X, X,), (4, 4q); Sp]-

DEFINITION 2.5.3. Let y(p) = o[s,] € [(X, Xo), (4, Ap); Sp], the primitive
single obstruction to section of p extending z.

DEFINITION 2.5.4. Let T(p) € H'((X, X,), (4, Ay); p) be the image of y(p)
in the direct limit, the single obstruction to section of p extending z.
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- THEOREM 2.5.5. (I) There exists a section of p extending z=>y(p) = 0=
I'(p) = 0. (II) Suppose that p is n-connected and dim(X /A) < 2n + 1. Then
T'(p) = 0= y(p) = 0= there exists a section of p extending z.

Proor. (I) If g is an extension of z, the homotopy {u,} can obviously be
extended to a homotopy of s, with s, hence o[s,] = [s;] = 0. The second
implication is obvious. (II) If I'(p) = 0, then y(p) = 0 by 2.4.1. Thus, there is
a homotopy between s, and s,, extending {,}, hence a section of PSp
extending iz. By 2.4.1, i,.: [(X, X,), (4, Ay); PF = (X, X,), (A, Ap); PSp]* is
onto, and we are done.

The single difference. Suppose now that {z,} is a homotopy of partial
sections of p over (4, Ay). Suppose that g, and g, are sections of p extending
2y and z,, respectively. Recalling the construction in the proof of 2.3.2, we
have (ig)) A (igo)~', a section of QPp. Now that section extends (iz;) A\
(izo) ™! which is homotopic (by continuously varying the first index from 1 to
0) to (izg) A (izg)~', which in turn is canonically null-homotopic. Thus, using
2.1.5, we can define:

DEFINITION 2.5.6. Let 8(go, 815 {2,)) € [(X, Xo), (4, Ap); QPp), the primi-
tive single difference be the element represented by (ig)) A (ige) ™. If z, = z
for all ¢, write 8 (g, g;5 2).

DEFINITION 2.5.7. Let A(go, 815 {2,}) € HY(X, Xo), (4, Ap); p), the single
difference class be the image of §(gy, 85 {z}) in the direct limit. Write
A(gy 83 2)if z, = z for all 1.

THEOREM 2.5.8 (I) The homotopy {z,} can be extended to a homotopy of g,
with g, = 6(80, 815 {2)) = 0=>A(80, 815 {2}) = 0. (II) Suppose that p is
n-connected for some n, and dim(X/A) < 2n + 1. Then A(gy, g5 {2,}) = 0=
8(80, 815 {2,}) = 0= there exists a homotopy of g, with g, which extends {z,}.

PROOF. Similar to that of 2.5.5.

2.6. Obstructions to embedding and isotopy. Much of the following material
is from [7]. If M is any manifold, of dimension n, let PM be the projective
bundle associated with the tangent bundle of M, let R*M = (M? — AM)/T,
where T(x,y) =(y,x), and let R*M = R*M U PM, a manifold with
boundary PM. Let ("R*M, "PM) = R*(M X R™), P(M X R™)), and let
(*R*M, ®PM) be the obvious union with the weak topology. The inclusion
(R*M, PM) C (®R*M, *PM) we replace by a fibration of pairs in a
standard manner: Let Y,, be the space of all paths o: I — ®R*M such that
o(1) ER*M and let Z,, be the space of all paths o: I - *PM such that
o(1) € PM, and let {,,: (Y,, Z,,) = ( °R*M, ®*PM) be evaluation at 0, an
(n — 2)-connected pair fibration.

Now let V' be a compact manifold of dimension k, and let f: ¥ — M be a
differentiable map. Choose, once and for all, an embedding i: ¥ ¢ R®. Let
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F = R*(f, i): R*V, PV) > ( °R*M, *PM). We now have a diagram (basi-
cally diagram (3.2-1) of [7], with slightly changed notation):

(Ym> Znr)

2.6-1) L8u
®R*V,PV) 5 (*R*M,=PM)

Now define a function ¢: [V € M]; - [R*V, PV); {)/] as follows. If { £} is
an embedding homotopy of f, ie., f,=f and f, is an embedding, let
O{ f,}: R*V, PV)— (Y, Z),) be defined as follows. For any 0 < u < 1 and
any r € R*V, ®{£}((u) = R*(f,, (1 — w)i)(r). Simply then let ¢[f] be the
homotopy class containing ®{f}. It follows directly? from Theorems 3.3.1
and 3.3.2 of [7] that:

THEOREM 2.6.1. (1) If 2n > 3(k + 1), ¢ is onto. (I1) If 2n > 3(k + 1), ¢ is
one-to-one.

DEFINITION 2.6.2. For any integer i, let H(f) = H'((R*V, PV); F~'¢,,).

DErINITION 2.6.3. Let T(f) = I'(F) € H\(f), the single obstruction to
homotopy of f with an embedding.

DEFINITION 2.6.4. Suppose that { f'} and {f?} are both e-homotopies of f.
Then let AC(£!), {2)) = A@(£), B{/2) € H).

Now, from 2.5.2, 2.5.5, and 2.5.8, we immediately have:

THEOREM 2.6.5. If 2n > 3(k + 1), [V C M]; is an Abelian affine group, and,
if nonempty, it has action group H°(f).

THEOREM 2.6.6. If f is homotopic to an embedding, T'(f) = 0. The converse
holds if 2n > 3(k + 1).

THEOREM 2.6.7. Suppose {f'} and { f*} are embedding homotopies of f. If
they are isotopic, A(®{ f'}, ®{ f*}) = 0. The converse holds if 2n > 3(k + 1).

Finally, the following remarks will show how [V C M], up to
isomorphism, depends only on the homotopy class of f. Let f: V— M,
0 < ¢ < 1, be any homotopy, where f; and f, are differentiable. Let { f,}*: [V
C M), [V C M];, be the function, where, if {g,} is an e-homotopy of f;,
{£}*(g] = [h), where h, = f,, or g,,_,, depending on the value of ¢. Clearly
{£,}* is one-to-one and onto, since { f,_,}* is its two-sided inverse.

THEOREM 2.7.1. If 2n > 3(k + 1), { f;}* is an isomorphism of affine groups.
PrOOF. Applying the polyhedral covering homotopy property (pair version)

2Theorems 3.3.1 and 3.3.2 of [7] are correct as stated in that paper, but the proofs are invalid,
as has been kindly pointed out by the referree of this paper. A correction is contained here, as an
appendix, §8.



ISOTOPY GROUPS 77

of {,,, one may easily show that, forany 0 < u < 1, (i,))*: [R*V X I, PV X
1); $ulg = [(R*V, PV); §)]F is an isomorphism, where i,(r) = (r, u) for all
r € R*V and p(r, u) = r. Very simply, checking definitions, one can see that
{£}* = (ip*((i)® ", and we are done.

In a similar manner, we shall write { f}*: H'(f,) = H'(f) for any integer
i. We leave the details to the reader.

3. A spectral sequence. In this section, let (X, X,), (4, 4,)) be a fixed C.W.
pair of pairs, and let {: (E, Ey) — (X, X,,) be a pair fibration. We consider the
problem of enumeration of sections of { from a spectral sequence viewpoint.

All pair fibrations shall be over (X, Xj).

3.1. Homotopy sheaves. Let { have a section s. We define m, (¢, s), the kth
homotopy sheaf of §, to be the sheaf over X determined by a presheaf II,
where, if U C X is open and Uy = U N X,, II(U) = [(U, Up); ¢]. Hence,
forany x € X,

m (E,, 5x) ifx € X — X,
7§ )= m((Ep),» sx) if x € X,

The total space of =, (¢, s) need not be Hausdorff.

If each E, and each (E,), is k-simple, 7, ({) can be defined regardless of
choice (or even existence) of a section. We leave the details to the reader.
(Hint: it is sufficient to define II(U) for U contractible.)

Note that the concept of homotopy sheaf is simply a generalization of the
usual local system of coefficients for a fibration.

Without any restrictions on §, we can always define #5({) =
Limy_, 7, (Q¥S™¢), the kth stable homotopy sheaf.

Let G be a sheaf over X. We say that { is an Eilenberg Mac Lane pair
fibration of type (G, n) (we will write { = k(G, n)) if:

(i) { has a section,

(i) m,(§) = G,

(iii) 7, ($) = O for all k # n.

It is important to note that G cannot simply be any sheaf of groups, Abelian
if n > 2. Only for G satisfying special conditions will k(G, n) exist.

In this context, Theorem 2.5.1 of [7] becomes:

THEOREM 3.1.1. If ¢ = k(G, n) for some sheaf of Abelian groups G, then
[(X, Xo), (4, 4g); §]= H"(X, 4; G).

3.2. The fiber of a pair-fibration map. Let {’: (E’, E§) — (X, X,) be another
pair fibration. We say that y is a pair fibration map, and simply write
v:$> ¢, if v (E, E)) —> (E’, Eg) si simply a fiber-preserving map. Suppose
that { has a section s. Then s’ = ys is a section of {’. We define a pair
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fibration ¢[y]: (F, Fy) = (X, Xy), called the fiber of vy, as follows: for each
x € X, F, is the usual homotopy theoretic fiber of E, — E;, that is, F, =
{(e;0)le E E,,0: I - E,, 6(0) = s'x, 0(1) = ye}, and (F), is the homotopy
theoretic fiber of (Ey), — (Ej),. Let A: ¢[y] — ¢ be given by A(e, 0) = e, and
let ¢: 2¢" — ¢[y] be the obvious inclusion.

Identifying Q¢[y] with ¢[Qy] in the obvious way, we have:

LeEMMA 3.2.1. The following long sequence is exact:

(XK Ko (A Ag); 98] D7 (X, Xo), (A, Aok %]

51X, Xo), (4, Ao); $[¥]]

Az Y=
- [(X’ Xo): (4, Ao); f] - [(X’ Xo): (4, Ao); SW]

Proor. Since the definition of fiber the natural definition for the category
of pair-fibrations over (X, X;), the details of the proof are routine and
obvious.

Similarly, we have:

LEMMA 3.2.2. The following sequence of homotopy sheaves is exact:

- Ba(@) = 7 (§) S76[v]) SmE) By - -

3.3. The homotopy killing constructions.

The strong topology double mapping cylinder. Let A, B, and C be topological
spaces, and a: B— A4, 8: B— C maps. Let 4 U, (B X I) U C be the space
obtained from 4 U (B X I) U C by identifying (x, 0) with ax and (x, 1)
with Bx for all x € B; but with the strong topology, not the quotient
topology. Neighborhoods of points in B X (0, 1) are as usual in the product
topology, while if a € A4, a basic neighborhood of a € W is of the form
UuU[a~'U x[0,¢)] for e >0 and U a neighborhood of a in A. Neigh-
borhoods along C are similar. Equivalently, the strong topology is the
strongest topology such that all of the following obvious projections are continuous:

AU, (BXI)UzC1,
AU, (Bx[0,1)>4,
(BXx(0,1))uzC—C.

B x(0,1)- B.

Now suppose that a: (4, Ag) = (X, Xy), b: (B, By) = (X, Xp), ¢: (C, Co) >
(X, Xp), a: (B, By) = (4, Ap), and B: (B, By) — (C, Cy) are all pair fibrations.

LemMA 331 aU, (b X T)Ugc: (AU, (BX1T)UgC AgU, (By X 1)
Ug Co) = (X, Xy) is a pair fibration.
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PROOF. Omit. See Hall [5] for the proof of a special case, the fiberwise
strong topology join.

Now suppose that, for all n > 1, we have pair fibrations a,, b,, ¢,, a,, and
B, (as in the hypotheses of 3.3.1), such thata,,, = a, U, (b, X I) Uy ¢, for
all n. Let a, = U a,, with the weak topology.

LEMMA 3.3.2. a_, is a pair fibration.

ProoF. Essentially by induction on n, mimicking the proof of 3.3.1 at each
step. We omit the details.

Let E{" — X be the fibration where, for each x € X, (E5"), = (E,)*", the
space of maps S” — E,, with the compact open topology. Let e: E§" X S" —
E be the evaluation map, and let KjE = E U, (E5" X B"*"), with the
strong topology. (Define as follows: Since B"*! is the cone over ", KfE =
E U, (EJ" x S" X I) U, E§", the strong topology double mapping cylinder,
where 7 is projection.) Now let K¢: (K E, Kx Eo — (X, Xp); by 3.2.1, a pair
fibration.

THEOREM 3.3.3. (I) If k < n, iy: m (§) = 7 (K"). (D) 7,(K") = 0.
PrOOF. We first need a lemma.

LEMMA 3.3.4. If Z is any simplicial complex of dimension less than or equal to
n, and if Y is any space, then [Z; Y] —[Z; Y U, (YS" X B"*Y)]is onto.

PROOF OF LEMMA. Let * € B"*! be its center. If f: Z—> Y U, (YS" X
B"*"), f can be deformed slightly so that its image does not intersect
YS" X {*}. The complement of that subset collapses to ¥, and we are done.

Returning to the proof of 3.3.3, we have immediately from the lemma that
m($) = m (K"$) is onto for k < n and one-to-one for k < n. Finally, 7,({)
- 7,(K") is the zero map, since the construction attaches an (n + 1)-cell to
every possible map of S” to every fiber.

DEFINITION 3.3.5. For 0 < n < m, let K™ be defined inductively by
K™m = K", and K™m*'¢ = K™*!(K"m¢). Finally, let K% =
U m Kn,mg

THEOREM 3.3.6. (I) If k < n, m, () — m (K™). (D) If k > n, 7, (K"¢) = .

Proor. Direct from 3.3.3.

3.4. The spectral sequence determined by a resolution. Suppose that { has a
section. We say that the following commutative diagram of sectioned pair
fibrations and maps

AN

(341 ﬁz lﬁl 2
a o

"‘3\§_2 2%;_l 1

:g'o
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is a resolution if, for each integer n, there exists an integer N (n) such that

(am)#: ﬂk(gm) = 7rk(g'm—l) and (Bm)#: 7’k(§) = Wk(fm) for all k <n and an
m 3> N(n). We say that it is a Postnikov resolution if, for every n > 0,
(B)s: m($) = m(S,) forall k < n, and 7, (§,) = Ofor all k > n.

THEOREM 3.4.1. If { has a section, { has a Postnikov resolution. Furthermore,
ify: §$ > {', y induces a natural map of Postnikov resolutions.

PrOOF. For every integer n > 0, let §, = K"*{. Let the o; and B; be the
inclusions. By 3.3.6, we are done.

LeMMA 3.4.2. If (3.4-1) is a Postnikov resolution, ¢[a,] = k(m,($), n).

Proor. Directly from 3.2.2.

Suppose diagram (3.4-1) is given. We define (taking {;: (X, Xo) — (X, Xo)
for g < 0):

E27 =[(X, Xo), (4, 40); @7%¢[ ]| forp <0,
D% =[(X, X,), (4, 4o); €7%,] forp <0,
i = (27%a,),: D —> D§~" forp <0,
Jo= (@77 7h) . DET— EEHIATT forp < -1,
ky = (R7PN) . E§7— D37 forp < 0.

By 3.2.1, we now have a bigraded exact couple (although there is an edge
problem, since p must not be positive). Furthermore, from 3.1.1 and 3.4.2, we
immediately have:

REMARK 3.4.3. If (3.4-1) is a Postnikov resolution, E§? = HP*9(X, A;
7,(9)).

Let EP9, DP9, EF4, and D% be obtained in the usual manner.

THEOREM 3.44. If p < —1, the E% (for various q) give a composition series
Jor [(X, Xp), (4, Ap); P¢), provided dim(X / A) < o0.

PrOOF. Let G”7 be the kernel of (2778,)«: [(X, Xo), (4, 4p); @77] — Di4.
Thus, G*~! = [(X, X,), (4, 4g); 77¢] and, for dimensional reasons, G#? =
0 for g sufficiently large. By standard spectral sequence arguments, E£? =
G171/ GP4, and we are done.

If ¢ is deloopable, ie., { = Qn, we can, by constructing a Postnikov
resolution for 7, obtain a spectral sequence converging to a composition series
for [(X, X,), (4, 4y); §1. If ¢ is infinitely deloopable, the exact couple can be
constructed with no restrictions on the indices. Since computation of
H (X, Xo), (4, Ap); §) for dim(X/A) < oo involves classifying sections of
QVSi+N¢ for large N, that cohomology theory can also be obtained by a
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spectral sequence, where E{? = HP*9(X, A; 7. (§)). We leave the details to
the reader.

4. A geometric interpretation of the affine structure. Let f: V> M be a
map, where ¥V is a compact manifold of dimension &, and M is a manifold of
dimension n, where 2n > 3(k + 1). We give a geometric interpretation of the
affine group structure of [V C M],.

By Theorem 2.7.1, it is sufficient to consider the case where f is actually an
embedding. We then consider [ C M], to be an actual Abelian group with
identity [ f], represented by the constant homotopy.

Let { £}, {f?} be e-homotopies of f such that

(i) f;! and f? are differentiable for all ¢ € I.

(ii) For some disjoint closed sets K, K, C V, and for all ¢t € I, f' agrees
withfon V — K,.

(iii) For any x, € K}, x, € K5, x3 € V — (K, U K)), and for any t, u € I;
£1(x1), £3(xy), and f(x;) are distinct.

Now let f3: ¥ — M be the e-homotopy of f such that, forall x € V, ¢ € I:

fl(x) ifxeK,
X ={2x) ifxeKk,
f(x)  otherwise.
THeorREM 4.1. [f'] + [ 3] = [£’].
Proor. We need only show that
-1
[ (£ }[@(r}] [@{f?}] =[@{f}] E[®R*V, PV); PS5y, 1
where ¢ §, C PSS, Pick disjoint closed sets L;, L, in ¥ such that K; C
Int L. Choose continuous functions p,, p,: V' — I such that p,(x) = 1 for all
x€ K,and O forall x € L. Foreachi=1,2,0r3,1et ®;,,,0< u <1, be

the homotopy of liftings of F to {,, such that, for all u, @, , agrees with & f/}
on PV, and such that for all 0 < #,u < 1 and all [x, y] € R*V,

®,.[%2](0) =[(£ (), (1 = 0i(x)), (4 ) (1 = 0i(»))]
€ R¥(M X R®) = “R*M,
where:
o=1t(up(x)+1—u) and w=1(up(y)+1—u) ifi=1or2,
v=1t(ug(x)+1-u) and w=t(up(y)+1-u)
ifi =3,j =1or2,and p(x)p;(y) >0,
v=w=1t(1-u) ifi=3,andp,(x)p,(») + p2(x)p2(») = 0.
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Note then that &) = ®{f'} for all i =1,2, or 3, and by 2.3.4, letting
D, = Q(LY) cR*V for i =1 or 2, we obtain: [t®]]u®{f}]~"[:®3] = [:D3),
and we are done.

Using a general position argument, based on the dimensional restriction, it
is possible to show that any two e-homotopies of f are respectively isotopic to
a pair of e-homotopies satisfying (i) through (iii) above. Thus Theorem 4.1
suffices to describe the affine structure on [V C M],.

In later calculations, the following result is useful:

THEOREM 4.2. If f': V — M is another map such that f|D is homotopic to
f'|D for some D C V such that V — D = R", then [V C M), =[V C M],if
both are nonempty.

ProoOF. Without loss of generality, f and f’ are both embeddings, and
f|D = f|D. If a €[V C M];, we may, by a general position argument,
choose an e-homotopy { f;} of f such that

Of]=a

(i) £,|(V — D) = f|(V — D) forall ¢,

(iii) (D) N f/(V — D) is empty for all ¢.

Now let ¢(a) = [f/], where, for all 0 < 7 < 1, f/(x) = f,(x) if x € D, f/(x) =
f'(x) if x € (V — D). Using 4.1 and standard general position arguments,
one may easily show that ¢: [V C M];—[V C M], is well defined, and is
an isomorphism.

5. The structure of 7,$,,. Let M be any connected n-manifold. In this
section, we explicitly compute the sheaf 7,{,, over *R*M, provided n > 6.
(The sheaf o, _,$,, was computed in [7], provided n > 5; we restate the results
here. Fork < n — 1, m{,, = 0.)

5.1. Building a twisted sheaf. Suppose that X is any path-connected space
with basepoint x,, and S is a sheaf over X with a local product structure. Let
S, be the stalk of S over any x € X. If a € 7 X, let a: (I, 0]) — (X, x,) be a
loop representing a, and let a: I X S, — S be a map such that a(s, 5) €
S, and a(l,s)=s for all 1€, s€S,. Let {a): S, - S, be the
automorphism where {a)(s) = @(0, s). Let ps: m X X S, — S, be the left
action where pg(a, 5) = <a)(s) foralla € 7 X, s € S,

LEMMA 5.1.1. Let X be path connected and locally simply connected, with
basepoint. Let G be any group and let p: mX X G— G be any left action.
Then there exists a sheaf S = S(G, 1), with local product structure over X, such
that S, = G and pg = p. Furthermore, S is unique with these properties, up to
isomorphism.

PROOF. Let 7: Y — X be the universal covering of X, and letv: m X X Y
— Y be the associated (left) action, where 7y, = y, if and only if »(a, y,) for
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some a € 7, X. Then let S(G, p) be the quotient space of ¥ X G obtained
by identifying each (y, g) with (v(a, ), p(a, g)) for all a € « X. Trivially, the
required conditions are satisfied. The proof of uniqueness is trivial and
straightforward, hence we omit it.

5.2. Preliminary definitions. For any topological space X, let X be the
quotient space of X X X X S obtained by identifying each (x, y, a) with
T(x,y,a)=(y,x, — a). If f: X, > X, is any map, let I'f: I'X, —» T'X, be the
obvious map. Note that if * is a single point space, I'* = p*® = §*/T. Let
I'0: TX — P, where 0: X — * is the collapsing map. If * € X is a basepoint,
let j =Ti: P® —>TX, where i: * — X is the inclusion. Let 7: X X X X S®
—T'X denote the 2-1 covering, and, by a_slight abuse of notation, let
m: X X X - TX denote the (equivalent to the covering) inclusion, where
7(x,y) =[x, y, *], * € §* a basepoint. We may consider X X P® c I'X; if
x € X and a € S*, identify (x, [a]) with [x, x, 4].

Let X be any topological space with basepoint, and let m, = 7, X, written
multiplicatively if k& = 1, additively if & > 1. Let y,: #; X m, > @, be the
usual left action, determined by the map y,: S* — S'\/ S, where

[2x,] € S! if0 < x, <3,
[2X|_],xZ,-..,xk]€Sk if%<x|<l,

Yk[-xl, xz, e ey xk] = {

where S* = I*/3I*. We let x° = y,(a, x) for all a € 7, x € m,. Let a;: 7,
® m — w4, for k > 2, be the Whitehead product, determined by the map
a,: SK*1 5 §2\/ Sk, where

[x), x,] € §?
ak(xl,xz,,,,,xk+2)= ifx,.ealforsome3<i<k+2,
[X3 ..., X,,] €ESF ifx, €dlfori=1or2,

where S? = 1?/31%, S = I¥ /03I, and S**! =31+2,

If X is a manifold and x € =, let w,x € Z, be the value of f*w, X €
H*(S*; Z,) (the Stiefel-Whitney class), where f: S¥ — X represents x. If
a € m,let(—1) = 1if wa =0, — 1 otherwise.

Again, if X is a manifold, and if a € 7, a® = 1 (the identity), let f,: P? >
X be a map which sends the generator of 7,P2 to a, and elt @ = [f,5] € ,,
where s: S%— P? is the covering map onto the real projective plane. Let k,
be an integer such that the vector bundles f,” 't and kA are stably equivalent,
where 7 is the tangent bundle of X and # is the canonical line bundle over P2
Note that the pair (k,, @) has indeterminacy (because of the choice of f))
(4Z ©0) + Im x,, where x,x = (mw,x, x + x9) for all x € =,, where m: Z,
— Z, is the monomorphism. (Hint: recall that K%(P?) = Z,.)

Let G and N be groups, and let ¢: G — Aut N be any homomorphism. Let



84 L. L. LARMORE

N X, G be the semidirect product. Specifically, as a set, N X, G is the
Cartesian product N X G, with the operation (n;, g,)(ny 8) =
(m@(g1)ny, 81 82)- Note that if ¢ is trivial, N X, G is simply the direct sum.
We always have G C N X , Gand N < N X, G, where we identify N and
G with N X {1} and {1} X G, respectively.

For any (multiplicatively written) group G, let ZG be the group ring of G,
which we represent as finite formal sums of elements of G. Thus, G C ZG.

5.3. Structure of m,_$), and m,§),. Now let X = ®R*M, and X, = *PM.
Once and for all, fix basepoints #+ € M and * € SM over *, and let + € PM
also denote the image of *. Let m, = =, M, written multiplicatively if k = 1,
additively otherwise. For consistency of notation, we introduce a group
T, = {1, m}, a multiplicative group of two elements. Let H, = {0, n} = Z,,
the stable 1-stem in the homotopy of spheres, which we treat as a Z,-module.
For any group G, let AG C G @ G be the diagonal.

LemMa 53.1. () mX = (7, @ m)) X,, T, where @(m)(a, b) = (b, a) for all
a,b € a.(l)mX,=Am @ T,, and i: Xy C X induces the inclusion of groups
described in 5.2.

PROOF. Let 1: M X R® — R* be any embedding, and let p: RR® —» §*
be the equivalent retraction, determined by p(u, v) = |lu — v||~'(u — v) for
all (u,v) € RR®. Let ¢ = (p?Q, pR): R(M X R®), S(M X R®))—>(M
X M X S®, AM X S*) which is equivariantly a homotopy equivalence of
pairs, by an elementary obstruction theory argument. Passing to quotient
spaces under the involution T, we have that the pair (X, X;) is of the
homotopy type of TM, M X P%).

We have a partially split exact sequence:

1 =« M?>? > aTM cé mP® -1

J=
Il Il Il

k| @ T WlX Tz
A simple deck-transformation argument then verifies that 7, M is the desired
semi-direct product. (II) follows trivially.
Now let §,,: Y — X and p,,: Z — X, be the fibrations which (as functions)
agree with the pair fibration §,,.

LeMMA 532. (D) Ifn > 5, m,_,0,, = S(Zm), 1), where

() (b, ¢, 1), @) = (= ybac™!,

(i) W' (b, ¢, m), a) = (= 1)"(—1)*ba~"c~ ' forall a, b, c € m,.

(D Ifn > 6, 7,0, = S(Zm; ® (7, ® H,), p), where

@) p(5, ¢, 1), @ @ (x, M) = (= 1)bac™" ® (x¢, An),

(i) p(b ¢, m),a® (x, Ap) = (=1)*(=1yba~'e™! @ (x% A+
wyx)n) for all a, b, ¢ € m), x € my, and X € Z,.
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We postpone the proof.

Identify Z with Z{1} C Zm,. Let »: (ZA7) @ T)) X Z—> Z and
v: ((ZAm))® T)) X (Z ® H)) > Z ® H, be the restrictions of p’ and p,
respectively.

LEMMA 533. (I) If n > 5, ,_1ppy = S(Z,¥). A1) If n > 6, mpp = S(Z
® H,, »).

We leave the proof to the reader. (Hint: the fiber of p,, is $"~'.)
One final lemma completes the description of 7,_,{,, and 7,$,,.

LeMMA 5.3.4. If m,p,, is a subsheaf of (m,0,,)| X, then w8, is the subsheaf of
0y whose stalks over X, agree with those of m,0),, and whose stalks over
X — X, agree with those of m,py,.

Proor. Follows directly from the definition of m,§,,.

5.4. Proof of Lemma 5.3.2. Part (I) of 5.3.2 is simply Lemmas 3.4.2, 3.4.4,
and 3.4.5 of [7]. (However, we have replaced the right actions of that paper by
left actions.)

Now we saw in the proof of 3.4.2 of [7] that the fiber of 6, is the fiber ® of
the inclusion M® c M, where M is the umversal covering space of M, and
M™ is the universal covering space of M®= M — {*}. A straightforward
Serre spectral sequence argument reveals that

@) 7, (®) = Zm,,

(i) 7,(®) = Zm, ® (7, ® H)),
where composition with n: S” — S"~! is represented by ® 7, and where, for
each a € 7, and x € 7,, a ® x is represented by the map ¢ in the following
homotopy commutative diagram, where S5 M® c M —> M represents x:

s" A4 )
an—ll ‘lr
L RV C IR v L I v/
The reader can easily verify that (I) need only be checked for the following
five special cases (where a, b, ¢ € 7,; x € ,):
D L1),a®n)=ba®n,
i) (1,1, m),a®n) =a""'®7,
(i) (b, 1, 1),a ® x) = ba @ x,
V) (Lo 1),1®x)=(-D)c"'® x-,
W (1, 1, m), 1 @ x) = (= 1) @ (wpx)n + x).
Now (i), (ii) follow immediately from (I), by composition with %, while the
proof of (iii) involves (I), together with mere straightforward checking of
maps.
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To prove (iv), let y: I — M be a loop representing c. Let §,: S2— M,
0 < ¢t < 1, be a homotopy such that () = y(¢) for all ¢, and ¢, represents
x. Then Y represents x°.

We briefly introduce a general construction. If Y is any pointed space,
B c Y, and if f: (I*, 91¥) - (Y, B) is a map such that f(*) = * for some
+ € I, let {f): ¥~ =3I¥ > F (F = homotopy theoretic fiber of the
inclusion B C Y) be defined as follows: let p: CS*~! & I* (CX = cone over
X) and let {f)(v) =0, € F C Y/, where o,(t) = f(o[v, f]). By a slight
modification, it is not necessary to assume B C Y, only B— Y.

Returning to the proof, choose a homotopy 6,: (1", S"~Y (M2 RM),
where RM is the universal covering space of RM = M2 — AM, such that:

@) p,0,(v) = y(H)forallt € I,

(ii) <6,) represents 1 € Zm = 7,_ (D),
where p,: M2 — M is projection to the second factor. Clearly (#,> represents
(-Dc '€ Zn, = m,_(®). Now, for all t €1, we have a homotopy
commutative diagram:

ht
sn — H >
an—l ,[ l
g2y gn15V 00 g P ey
N N
s2v In E’Ve'>M2 )

where p: M — M is the covering map, p%, = iy, for all ¢, £,(*) = +, and B is
chosen independent of ¢. By definition, [ 84,] = 1 ® x and p((1, ¢, 1), 1 ® x)
= [Bho] = (=1 (¢! ® x), and (iv) is verified.

To prove (v), let g: R" — M be a coordinate patch such that g(0) = =. Let
k: (I", ") > (R", R" — {0}) be the obvious orientation preserving
equivalence. Then (gk) = *1€ Z C Zn, = =,_ (). We alter g if
necessary to insure that {gk> = 1.

Let (SM), be the fiber of SM — M over +. Choose a homeomorphism
¢ S"7' 5 (SM), such that A) =1 € =,_,(®), where A: (I", S" >
(M?% RM) is chosen such that A(I") =+ € M?, and A|S"~' = When
convenient, we shall identify $”~! with (SM),.

Let r: E— S? be the S"~! bundle which is the pullback of SM — M,
where y: $2 - M classifies x € 7,, and let j: S> — E be a section of r. Let
e: 1?2 X S"~' > E be a map such that the following diagram commutes:
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Ds L

L xS ———— sl ———(SM),

] a] N

Pxs-t—f F Y M
py |0 ]|r

r—-= »s—T— i

where p, is the projection on the ith factor, ¢ collapses 312 to * € S2,
L={1}xIulIXd cI? andi is inclusion along the first factor. Let
y,: I* > M?, 0 < t < 1, be the homotopy such that

_[Glr-wol9) Ho<u<s,
Pk 0) = ([1-to]y[u=-t0]) ifr<u<l

Let W=(S'XS"Hu?x{*})cI**x 8", where S!=20I% and
choose a homotopy y,: W —RM, 0 < t < 1, such that 5,|S! X S"~! = Je(J,
X 1) for all ¢, where J,: S' — I? is given by J,(u, v) = (1 — tu, v) for all
(u,v) € S' C I% and such that Qy|I? X {*} and yp,|I?> X {#} are
homotopic, rel S X {*}, for all #; where Q: RM — M? is the usual quotient
map.

The following diagram illustrates the next portion of the argument.

J ~
st xsn-t—t ,p gn-1 2 gy

N ~ N
w i > RM
\ Zs /
P F > & Q
12 yt > M'Z

Let z: F—»®, 0 < ¢ < 1, be the homotopy induced by {y,}, {7,} (where
F = fiber of p;: W— I?). Let i: S"~! c W be inclusion along the second
factor, and let w = (d,) '[a,_,] € 7, W = 7, F, where d: W — S2\/ §"'is
the map which collapses S' X {*} ¢ W. Clearly (z9)« = (= 1)yn((1, 1, m), 1
® x); it remains to show only that (z))40 = —(1 ® x) + (w,x)1 ® 7.

Note that y,: S' X {*} - j(*) € (SM), C RM, thus y*: S > RM, where
Y*[u, v] = y\(u, v, *) is well defined. We then have a commutative diagram
(where S is identified with jS? C E):
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I? x sn-1

v \ )
F > W ! >
\e‘ 5 \ (/E »

zy H————§?y " — ——— 52
/ % Vot /
) RM g - M?
where ¢, » are the appropriate maps on the fibers. Now 12X §"~! = W

U,e"!, where w: $” — W classifies w, and E = S2\/ §"~! U, e"*!, where
A= e(J; X )w. Now Sq?¢ = y*w,M U ¢, and ¢ U 6 = — e"*! (since J,
has degree — 1), where ¢ € H""\(E; Z) is the generator and 6 € H¥(S%; Z)
is the fundamental class. Thus [A] = —[a,_,] + (w,x)[ni,] € 7,(S2V S"° 1),
and we are done.

6. Explicit computation of [S* c M*]. In this section, [S* c M"], is
explicitly stated, in terms of generators and relations, where M is any
manifold without boundary, f: S¥ — M is any embedding, and n = 2k + 1,
n>»2orn=2kk>3.

THEOREM 6.0.1. If k > 2, n =2k + 1, then [S* C M"); is generated by
elements y, for all a € w M, subject only to the following relations:

@A)y, = 0, where 1 € w M is the identity; .

(ii) For any a € m\M, y,-1 = (= 1)**(=1)%y,.

THEOREM 6.0.2. If k > 3, n =2k, then [S*Cc M ") is generated only by
elements:

() z, for all a € m, M such that a* = 1 and (- 1)¥(—1)" = 1.

(ii) y, ® u for all a € mM and all u € 7,M © H,, where Hy = {0, 1} is
the stable 1-stem in the homotopy of spheres.

And is subject only to the relations:

(i)y,Qu+y,®v=y,® (u+ v)foranya € mM,u, v € m;M © H,.

)y, ®7n=0.

W)z, =0.

i)y, ®n =y,-1 ®nforany a € mM.

(vii) y, ® x + (= 1) (= 1)!y,-1 ® x° + (wyx)y, ® 1 =0 for all a € mM,
x € mM.

(viii)

Y ®a+(("3) + (*3"))r.®n =0
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for all a € m,M such that a®> = 1 and (—1)*(— 1)t = —1.
(ix)

22, =5, @a+((3%) + (") + ()7 ®n
for all a € mM such that a®> = 1 and (- 1)°(=1)* = 1.
Finally, these representations are natural, i.e.;

THEOREM 6.0.3. Let g: M C M’ be an embedding, where M’ is another
manifold. Then (1) If k > 2,n =2k + 1,84y, = ¥, o for alla € mM. (1) If
k>3,n=2kgs(y,®x)=y,,,® gux and g4(y, ® M) = ;. ® 0 for all
aE€EmM,x EmM,andgyz, =z, ,ifa € mM,a* = 1,and (—1)*(— 1)t =
1.

6.0.1 and 6.0.2 are proved below (6.0.1 was incorrectly stated as Theorem
1.2.1 of [7], the result there is off by a sign), while we leave the proof of 6.0.3
to the reader. Basically, 6.0.3 follows from the fact that all of the
constructions are natural. Examination of those constructions reveals that y,,
Y, ® x and y, ® 7 are canonically chosen, while z, has an indeterminacy, as
defined below, the group generated by y, ® 4,y, ® n,andy, ® x + y, ® x*
for all x € m,M. By making a once-and-for-all choice in each of the four
universal examples (see the proof of 6.1.3), this indeterminacy could possibly
be further reduced.

6.1. Proof of 6.0.1 and 6.0.2. Without loss of generality, f may be assumed
inessential (cf. 4.2). Now, if k > 2, n = 2k + 1, there is only one nonzero E_,
term in the composition series for [S* ¢ M], = H%(f), namely E3"~'. Now
E}n=1= H""\R*S*; F~'7,_,¢),), and our result follows immediately from
Lemma 6.1.1, below, where y, corresponds to [a] for alla € 7, = m|M.

Suppose now that k > 3, n = 2k. Let m; = m\M, m, = m,M. The only E,
terms which play a role in the computation of [S* C M], are E}"~! =
Hn—l(R:tsk; F-lﬂn—l KM)’ Ez—l,n-l = Hn—Z(kask; F-I‘”n—lgM)’ and E{),n =
H"R*S*; F~'7.¢,,); and the only relevant differential is d, is the exact
sequence:

d;
(6.11) E; 1 SEM S HO(f) B ERn1 S50,

Now if e:0—>A4—>B— C—0 is any short exact sequence of Abelian
groups, e determines a homomorphism ®,: K, — 4 /24, where K, = {x €
C|2x = 0}, as follows: for x € K,, ®,x = A~'2p~'x. By Theorem 5.1 of [9],
knowledge of ®, suffices to determine B as an extension of C by 4 if 2C = 0.
By 6.1.1, 2E%"~! = 0; then (for the sequence (6.1-1)) the groups are given by
6.1.1, and d, and ®, are given by 6.1.3, and Theorem 6.0.2 follows
immediately; where, fora € 7, x E ), Nla® x] =y, @ x,Na® ] =y, ®
n; and, if a® = 1 and (— 1)°(— 1)¥ = 1, pz, = [a].
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Recall that H, = {0, 9} = Z,.

For any integer r, k < r <2k, let K]_, = Zm, and K] = Z7, ® (7, ®
H)).Forr < korr > 2k, letK!_, = K! = 0. Define §/_,: K;_, - K!*! and
8. K7 — K7+ for all r as follows: for k < r < 2k, and fora € =, x € =,

() 8;_1(@) = a + (= 1y***"*!(=1ya”!,

()8 @®x)=a®@x + (-1 (=1 g7 ' @ x* + (wx)a™' @,

(i) 8/(@a®)=a®n+a'Qn.

We now define H; = Ker §;/Im §; fors =n — 1 orn.

LeMMA 6.1.1. (I) For all r, and for s = n — 1 or n,
H (R*S", PSk; F"vr,{M) = H’(R‘S", PSk; F"w,OM) = H].

() For all r > k, and for s = n — 1 or n, j*: H' - H'(RS*; F~'n,$,,) is
onto, and

Ker j* = (ZﬂKerﬁ,f_,)/ImS,f:l' l:fs=n—l’
/ (Z® H,nKer§7)/Im8;~" ifs=n.

PRrOOF (I). Trivially,

H*(R*S", PSk; F"'rr,{M) = H*(R*S", PS*; F~'n,0,, )
since these two coefficient sheaves differ only on PS*.

We now consider S¥ ¢ R¥*! to be the unit sphere, and 7: S¥ — P* the
covering map onto real projective k-space. For any x € P*, let [x] c R¥*!
be the line through 0 determined by x. Let » be the k-plane bundle over P*
such that, for each x € P*, »_ =[x]* c R¥*!. Clearly, 7~ '» =1, the
tangent bundle of S*, and » ® h = (k + 1), the trivial (k + 1)-plane bundle,
where h is the canonical line bundle over P* and “@®” denotes Whitney sum.
Thus w,» = u’ for all i, where u € H'(P*; Z,) is the generator.

For any vector bundle & let E¢ and S¢ be the total spaces of the
associated disc and sphere bundles, respectively. We construct a commutative
diagram of pairs

(Er,57) 5 (RS Ss%)
7 7
(Ev,S») 5 (R*S* PS¥)
as follows. Er = {(u, v) € S¥ X B¥*'|uLv), where B¥*' c R¥*! is the
unit ball, while SS* = S7 = {(u, v) € S¥ X S*|uLv}. For any (u, v) € Er,
let
(a0 + u, a,0 — u) € RS*  if (u, v) & S,

9 0) = {(o, 4) € SS* if (u, v) € Sr,
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where a, = (1 — ||v]|%)'/2, and let T be the unique map which makes the
diagram commutative. Trivially, ¢ and T are both homeomorphisms of pairs.
Thus R*S%/PS* = M (v), the Thom complex of », whence
Hi(R*Sk, PS*; Z,) = Z, if k < i < 2k, 0 otherwise; and
Sq/: H'(R*S*, PS*; Z,) » H'*/(R*S*, PS*; Z,) is nonzero if and only if
k<i<i+j<2kand(¥")=1mod 2 (where we take (;) = 1 mod 2
for all j). RS*/SS* may then be considered to have two cells, e{ and e, in
each dimension k < i < 2k, and none in other dimensions, such that:

(i) Tej = el for all i, where T: RS* - RS* is the map which exchanges
coordinates;

(ii) Forallk < i <2kandj=1lor2,
sof eit!' + ei*! if i — k is even,

T =1y (e - ef*Y) i — ks odd.
Then R*S*/PS* has one cell in each dimension k < i < 2k, namely e’ =
me] = mel, and no cells in other dimensions; and 8¢’ = (1 + (—1)~%)e'*!.

Now let G be any Abelian group and e: G — G an automorphism of order
2. Recall that 7 (R*S*) = T, = (1, m}, a multiplicative group of order 2. Let
k: T, X G— G be the action where p,(m, x) = ex for all x € G, and let
G® = S(G, 1), a sheaf over R*S*. H*(R*S*, PS*; G¢) may be considered
to be the equivariant cohomology of the pair (RS*, SS¥) with coefficients in
G under the action p,, specifically, the homology of the chain complex

dA dk+l de—l
Go-G->G->--->5G->GC
where, for k < i < 2k, dx = x + (— 1) %ex for all x € G. Letting G,_, =
Zm, and ea = (—1)°(—1)"a”! for all a € m,, and letting G, = Z7, ® (7, ®
H) and e@®@ (x+ M) =((-D(=1D)""Na '@ x+a '@\ + wyx)n
for all a € 7, x € my, A € Z,, we have by 5.3.3 that G* = F~'z,0,, for
s =n — 1 or n, and we are done with the proof of (I).

Proor (II). For convenience of notation, we agree to let S, = F~'z.{,, and
Q,=F 76, for s=n—1 or n. Let L, C S, be the unique maximal
subsheaf with a local product structure, specifically, L, = J£, where J,_, = Z
CcG,_,andJ, = Z ® H, C G,. Note that G, = J, ® R, for suitably chosen
R, C G,, and T, acts independently on each direct summand: it follows that
S, = L, ® Ry, a direct summation of sheaves. We also have that L|PS* =
S,|PS* and Q,|R*S* = S,|R*S*, and:

L, =2,

I = {Z if n is even,
n—-1 = T :
Z" ifnisodd.
Thus i*: H"(R*S*, PS¥; L) — H'(R*S*, PS*; S,) is mono, its image
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exactly what we wish Ker j* to be. We have a commutative diagram with
exact rows (since H'(R*S*; L) =0 for all i > k, because L, has a local
product structure and R*S* is of the homotopy type of P¥):

H™'(Ps*; L)— H'(R*S*, PS¥; L)) 0 H'(PS*; L) — H™'(R*S*, PS*; L) — 0

o 1-1|* ] = 11 | *

HP-1est; 5) 2o prRest, pst; 5.) Lo r(res®; s,) s Hres; 5,) 2 BT ReSE, BSY; )

By a simple diagram-chasing argument, we are done.

Notation. If y € Ker 8", we shall let [y] € Ker §"/Im 8§~ be the class
represented by y.

In the following lemmas, we shall assume that n = 2k, k > 3.

We examine a particular case. For any integer s, let N be the total space
of a real (n — 2)-plane bundle £"~2 over P? such that £"~2 @ 3h is stably
equivalent to sh, the s-fold Whitney sum of the canonical line bundle, A.
Clearly, N' = N/, since h has order 4 in K-theory. If 7, is the tangent
bundle of NJ' = N, 7, is stably equivalent to sh, hence w,N = (})m and
wyN = (§)m?, where m € H'(N; Z,) is the generator of that group.

Let a € m,N = T, be the generator. Then 4 € n,N = Z is a generator,
and 4% = — d. Let f: S¥ — N be an embedding. Recall that ® is the fiber of
8,. We have by 5.3.2 that

Z+ Z if s is even,

Z+ Z7T ifsisodd,

where the first generator is represented by 1 € ‘qul = @,_,®, the second by
a € m,_,®; and also that

Flz,_ 0y = {

ZT+ Z,+Z+ Z, ifs iseven,
ZT+ Z,+ ZT+ Z, ifsisodd,
where the generators are represented, respectively, by 1®a, 1 ® 9, a ® g,
a®n € Zr, ®(m, ® Hy) = 7, .

Let B = R*S*. Since f is an embedding, F has a lifting to Y, thus F~'d,
has a section, i.e. F~'9,, is in the category X} of B-sectioned fibrations. The
following lemma is phrased in the notation of [10].

F 7.0, = [

LEMMA 6.1.2. If N = NP, then the first two stages of the Postnikov tower for
F~'9,, are given by (B = R*S*):

P
kn(Z, 1, m) x kp(Zy, 8) % kg(Z 1 ()m) x kg2, n)—2se, - F-lg,

kg(Z, n~1) x kB(Z, n-1, (:)m) =¢y —a-—>

v:B(Z. n+1,m) x kg(Zy n+1) x kB(Z, n +‘l, (;‘)m) x kg(Zy,n +1)
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where P, induces isomorphism in homotopy through dimension n, and where
a*,,, ®101® 1 0,

194, ®101 > (S + m*),_, @1,
19184,,,81 > 18 (m),_,,
11814, b 1®(Sq+ (5)m)y_y

where & is the Bokstein homomorphism associated with the coefficient
sequence Z -2 Z — Z,.
We postpone the proof.

LEMMA 6.1.3. Let a € m,, a®> = 1, and choose (jointly) a € m,, 0 < s =k,
< 4 (cf. 5.2). Then in sequence (6.1-1):

M1 (- =-1Ldlal=a®a+ () + (;*)a®n;

(D) If (- 1)7(= ¥ = 1, ®,[a] € Coker d, is represented by [a ® a + ((*;°)
+ (') + (Da B 7).

ProoOF. We remind the reader that (—1)* = (= 1), thus ¢) = (¢¢) mod 2 if
(=D (-D=1

Without loss of generality, f is inessential, hence we may assume f: S* —
N c M. Since all constructions involved are natural with respect to
inclusions of manifolds of the same dimension, we may assume that M = N;.
We have a commutative diagram with exact rows, where the first, second and
fourth vertical arrows represent onto maps, by 6.1.1:

d.
H? 5 H 5 [Reshpske,], S HED -0
onto} j* onto| j* LJj* onto| j*

d.
Eft 5 g A [skeMm], 5 EM' 0

It is sufficient to compute d, and @, for the top row. Recall that
U m%: H"YR*S*, PS¥; Z,) > H"(R*S*, PS*; Z,), while Sq% on the same
group, is nonzero if and only if (*;3) =1 mod 2. Part (I) now follows
immediately from 6.1.1 and 6.1.2, while (II) follows from 6.1.1, 6.1.2, and the
results of [10].

6.2. Proof of 6.1.2. Let p: N — N be the universal covering of N; N = §2 X
R""2, Since f may be assumed to be inessential, we may choose an
embedding f: S* — N such that pf = f. Note that R® = R® X R*. Thus we
may choose an embedding P such that the following diagram commutes,
where p, is projection:

NxR® 5 NxR>
ip Py
~ 14
N - N
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Let VN = (p»)"'VN — AN C RN, and let V*N C R*N be the image of
V N.Let RN = RN — V N and R*N = R*N — V *N. Consider the diagram
(where p*[x, y] = [px, py] for all [x, y] € R*N):

R*N A R*N
n ~
R*N N
N
R*P

R*(N XR®) 'S R*(N X R®)

We have that ® = fiber of R*N C R*(N X R*) = fiber of R*N C R*(N
X R®).

LEMMA 6.2.1 (HAEFLIGER [4]). (I) As an algebra over Z,, H* = H*(R*(N
X R®); Z,) = H*(T'S?; Z,) is generated only by the elements:m € H',Te €
H?, and 2o € H* subject only to the relations: mI's = (To)? =T 020 =
(Za)? =0.

(I) (R*i): H* > H*(R*N; Z,) is surjective, and its kernel is generated by
m" and m"~Ze.

LEMMA 6.2.2. The map i*: H*(R*N; Z,) > H*(R*N; Z,) is injective, and
its cokernel is generated over Z, by w € H ""(Ii*N s Zy), mw, and mzp.
Furthermore, (To)w = m*w, and Sq'w = ("7 *)m‘w for all i.

PROOF. We construct a map 8: R*N — R*N such that i is homotopic to
the identity on R*N. Recall that N = N7, the total space of £"~2 = ¢ over
P2 Choose a nonzero section x* of £ ® h, and let x: S — S? X (R""%2 -
{0})N be the correspondmg section of 7~ '(¢ ® h), the trivial n-bundle over
S% Let p;: N — 82, p,: N - R"2 be the projections. For all 0 < ¢ < 1, let
B.: R*N — R*N be defined as follows. If [x, y] € R*N, let p = p(x,y) =

lp1x — pyyll, and let:
[x,y] f1<p<2,
[(21%: (1 + (0 = D) pox + (1 = )ipo(x(P1))),

Py (1+ (o = Dipyy + (1 = 9)p2(x(P17))) ]
f0<p< L

Blxy]=

Let 8 = B,, which clearly has the desired property. Now the cofiber of the
inclusion R*N C R*N is the Thom complex of * ® h over N, which we
denote by TC, where 7 is the tangent bundle of N. We have a commutative
diagram with split exact columns, where each row is a long exact Thom-
Gysin sequence, and all coefficients are Z,:
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PN N

- — HQR*N) ™ HRN o, H*R*N) m HR*N) — - - -

ﬁ* l'* B* i* B* i* B i*

1 "* ~ 0 ~ Um ~

[rpp—y H*(R*]V)___) H*(R_N)—) H*(R*N) — H*(R*N) —_— e e
6 6 8 8

™ ~aay 0 um

« — HY(TC) — H*(NV/S*) - H*(TC) > HX(TC) — - -+
! | |
0 0 0 0

We now define w € H" '(R*N; Z,) to be the unique element such that
B*w =0 and dw = U, the Thom class of =& h. Now H*(TC) has only
generators U, mU, and m?U over Z,, and Sq'U = (";*)m‘U for all i, although
m3U = 0. By exactness of the third row, 8(c U 7*U) = 0((c ® 1) U 7#*U)
must be m2U. Also, §(o ® 1) = T'o, thus (To)w = 0((c ® 1) U 7*w) = m%w.
6.2.2 then follows trivially.

Finally, Lemma 6.1.2 follows from routine Serre spectral sequence compu-
tation of the relative Postnikov tower of the inclusion R*N C R*(N X R®).

7. Affine groups.

DEFINITION 7.1. An affine group is a set A together with an operation -, for
each a € A, such that (4, -,) is a group with identity a, and such that, for
any x,y,a,b € A, x-,y = x+, (a); ', v, where (a);' is the inverse of a
under -,. In addition, we say that 4 is Abelian if -, is commutative for all
a € A. (The operation shall then usually be denoted +,.)

We remark that Becker’s definition of affine group [1] is that of Abelian
affine group.

An alternative definition, which is more natural to the constructions of this
paper, is:

DEFINITION 7.2. An affine group is a set together with a ternary operation 7
on A such that (writing 7(x, y, z) = xp " 2)

@) ow ™ (xy ~12) = (ow'x)y "'z (associative law),

(ii) x» ™'y = yy~x = x (cancellation law).

In addition, we say that A is Abelian if

(iii) xy ~'z = zy ~'x (commutative law).

We leave the proof of the equivalence of 7.1 and 7.2 to the reader as an
exercise (Hint: x -, y = xa~y). Note that the empty set is an affine group.
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Letting A be any affine group, we define two equivalence relations on
A XA, R and L. For any x,y,z,w € A, we say that (x,y)R(z, w) if
y=xz"'w, and (x,y)L(z,w) if x =2zw"l. (Note that R=L if 4 is
commutative.) Let AR =4 X A/R, and AL = A X A/L. If x,y € A, let
x~l € AR and xp~! € AL denote the elements represented by the ordered
pair (x, ). Both A® and 4L are groups, under the operations (x ~ly)(z~'w) =
x~Y(yz=Ww), and (xp "DN(zw™") = (xy ~'2)w™!, respectively. We call 4% and
A" the right and left action groups of 4, since A% acts on 4 on the right, in
the obvious manner suggested by the notation, and A~ acts on 4 on the left.
We remark that A® and A% are isomorphic, canonically if 4 is Abelian, in
which case we write A* = A% = AL, and x — y instead of xy "' ory ~'x.

We remark that two affine groups are isomorphic if and only if their action
groups are isomorphic. If G is any group, G may be taken to be an affine
group by letting xy ~!z have the usual meaning (x — y + z if G Abelian), in
which case G = G* by letting x correspond to x1~!.

If we say that an affine group A is isomorphic to a group G, we shall mean
that 4 is isomorphic to G considered as an affine group; equivalently,
AR = GordLt =G.

8. Correction. Recall diagram (2.6-1) in this paper, which is basically
diagram (3.2-1) of [7). We define a pair fibration ‘$y: ('Y, 'Zy) —
(*RM, *PM) as follows: Let’Y,, be the space consisting of all paths
o: I - ®R*M such that 6(1) € RM, and either 6(0) € *PM or o(1) &€ PM.
Let‘Z,, be the space consisting of all paths ¢: I — ®*PM such that the
composition I —° *PM — M is constant. Let ‘§p: (Yy, 'Zy) >
(®*R*M, ®PM) be evaluation at 0, a pair fibration, and let ¢« '§,, C {), be the
obvious inclusion.

LEMMA 8.1. ty: [R*V, PV); "$ylr = [R*V, PV); $ilp-

Proor. Let "y (Yy, Zy) = (*R*M, *PM). Now the inclusion
i: (Ya Zpy) C (Yags Zyy) is a fiber homotopy equivalence of pairs. Let U
C *R*M be a regular collar of *PM, such that U N RM is a regular collar
of PM. Let r,: " R*M - R*M, 0 < ¢t < 1, with ry = identity, be a strong
deformation retraction of *R*M onto the complement of U such that
r,R*M) c R*M for all ¢. Let p: ®R*M — I be continuous such that
p~ {0} = ®*PM, and let (jo)(?) = r,(¢) for all 6 € Y, t € I, where s =
tp(0(0)). Clearly j is the identity on ®PM. The fact that j is a pair fiberwise
homotopy inverse of i is trivial to verify. Thus iy: [R*V, PV); "Splr =
[R*V, PV); $y)r. Now @ (‘$ry) = m("$yy) for all &, since 'Z,, - °PM and
Z,, — ®PM both have fibers of the homotopy type of S*~'. By 2.4.1, we are
done.

The error in the proof of Theorem 3.3.1 of [7] is the fact that if a lifting ®
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of F to §, is given, the map G[®] in the diagram on p. 362 may not exist. If,

on the other hand, ® is a lifting of F to ‘{,, (which we may assume, by

Lemma 8.1), existence of G[®] is assured. The remainder of the proof is valid.
Theorem 3.3.2 of [7] can be corrected in a similar manner.
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